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Simulation of Transition with a Two-Equation
Turbulence Model

David C. Wilcox*
DCW Industries, Inc., La Cafiada, California 91011

This paper demonstrates how well the k-® turbulence model describes the nonlinear growth of flow instabili-
ties from laminar flow into the turbulent flow regime. Viscous modifications are proposed for the k- model that
yield close agreement with measurements and with direct numerical simulation results for channel and pipe flow.
These modifications permit prediction of subtle sublayer details such as maximum dissipation at the surface, k ~
y*asy — 0, and the sharp peak value of k near the surface. With two transition specific closure coefficients, the
model equations yield a realistic description of a transitional incompressible flat-plate boundary layer. A new
concept known as the numerical roughness strip is introduced that permits triggering transition at a desired loca-
tion. A series of transitional boundary-layer applications, including effects of surface heat transfer, pressure gra-
dient and freestream Mach number, verify that the numerical roughness strip is very effective in triggering tran-
sition and that flow in the transitional region is realistically described.

1. Introduction

HERE has been renewed interest in development of methods

for predicting boundary-layer transition. Current interest in
vehicles such as the National Aerospace Plane (NASP), for exam-
ple, provides the impetus for developing accurate transition predic-
tion tools. Furthermore, because hypersonic boundary layers rarely
achieve momentum-thickness Reynolds numbers large enough to
sustain fully developed turbulence, even the post-transition region
generally exhibits nontrivial viscous effects. Consequently, accu-
rate low-Reynolds-number turbulence models are also needed.

The standard approach is to view development of a transition
model and a low-Reynolds-number turbulence model as two sepa-
rate issues. The strongest argument in favor of this approach is
simply that all spectral effects are lost in the time-averaging pro-
cess used by turbulence models. Tollmien-Schlichting waves, for
example, cannot be distinguished by a turbulence model. Since a
given boundary layer is unstable to perturbations that fall in a spe-
cific range of frequencies, conventional turbulence models, which
distinguish only magnitude and an average frequency, can never
be certain if a given perturbation will actually cause transition.
However, if we implement two separate models, one for the transi-
tion region and another for the developing turbulent region,
achieving a smooth joining of the two models’ predictions presents
an additional complication. This complication can be avoided if
we view both issues as low-Reynolds-number phenomena that can
be addressed in the context of a single model. The strongest argu-
ment for this approach is that we can use the same model to de-
scribe a smooth transition from laminar to fully turbulent flow, in-
cluding the transitional region. This approach is plausible provided
we restrict our applications to broadband transition-triggering dis-
turbances.

Nevertheless, there should be no pretense that this approach has
sufficient physical foundation to describe the onset of transition.
The conceptual reason for this reservation is as follows. Using the
single length scale implied by a typical two-equation turbulence
model is much less satisfactory for transitional flows than for tur-
bulent flows. That is, production and dissipation processes come
from different parts of the turbulence spectrum. Large eddies are
primarily responsible for production, whereas the smallest eddies
dissipate turbulence energy into internal energy. In a turbulent
flow, the largest eddies also control the rate of dissipation by way
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of the cascading of energy down the spectrum to the smallest ed-
dies. That is, there is a degree of universality to the turbulence
spectrum for turbulent flows, provided the Reynolds number is
large enough to permit a distinct inertial subrange. By contrast, it
is very unlikely that such a universal spectrum exists in a transi-
tional flow, and certainly not in the earliest stages of transition.

These considerations needn’t deter us from attempting to use
turbulence models to predict transitional flows since, for most ap-
plications, even cruder correlation methods are often used. Two-
equation turbulence models appear to give useful results for a
much wider range of turbulent flows than we have any right to ex-
pect. But how much more surprising is this than the great success
enjoyed by the classical Smith-Van Ingen! ¢” method whose phys-
ical foundation is nonexistent? In other words, clever engineering
approximations often exceed our expectations.

Our best hope of success is in describing the nonlinear growth
of disturbances once transition has begun. Using linear stability
theory to compute the closure coefficients in a two-equation turbu-
lence model for a transitional boundary layer, Wilcox> has shown
that spectral effects are unimportant after the initial disturbance
has been amplified by a factor of only e*. The research of Wilcox
et al.>7 provides a great deal of support for the turbulence-model
approach. Using a k-@? turbulence model and transition-specific,
low-Reynolds-number modifications, Wilcox simulated boundary-
layer transition for a wide range of Mach numbers including pres-
sure gradient, surface roughness, surface heating and cooling, and
surface mass transfer. The purpose of this paper is to build on the
aforementioned work, taking advantage of recent direct numerical
simulation (DNS) results in developing appropriate viscous modi-
fications for the Wilcox® k- model.

In contrast to the earlier research, however, no attempt is made
in this paper to develop a general procedure for predicting the
onset of transition. Rather, the emphasis is on predicting flow in
the transition region. This is an easier problem and one that is more
amenable to solution with a turbulence model. In this spirit, Sec. V
presents a new method for triggering transition at a specified loca-
tion.

For general compressible flows, the complete set of equations
that constitute the low-Reynolds-number k- two-equation model
developed and tested in this paper are as follows.
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In Eqgs. (1-8), ¢ is time, x; is position vector, ¥; is velocity, pis
density, p is pressure, [ is molecular viscosity, and % ;; is the sum
of molecular and Reyrolds stress tensors. Also, 1s the Kro-
necker delta, & is the turbulence kinetic energy, ® is spe01flc dissi-
pation rate, T;; is Reynolds stress tensor, and iy is eddy viscosity.
The six parameters o*, o, B* P, o, and © are closure coefficients
whose values are given next:

. _ O, +Rer/R, ©
“ = T+Re, /R,

5 o, + ReT/Rm

—1

=3 T+Re, /R, (o) (10)
L 5/18 + (Rer/Rp)’ an
100 1+ (Re/Ry)

B =3/40, c*=0=1/2 (12)
o, =B3,  a,=1/10 (13)
Ry =38, R, =6, Ry=217 (14)

where Rey is the turbulence Reynolds number defined by
Rer = g—ﬁ (15)

Section II explains in detail how the turbulence model simulates
transition, and justifies the form of the viscous modifications. Sec-
tion III demonstrates how well the model performs for low-Rey-
nolds-number channel flow and for pipe flow. Section IV includes
transition predictions for an incompressible flat-plate boundary
layer. Section V discusses a new method for triggering transition
and includes additional transition applications. Section VI presents
a summary of and conclusions drawn from the study.

II. Simulating Transition with the k-o Model
Turbulence model equations can be used to predict transition
from laminar to turbulent flow, although most models predict tran-

sition to turbulence at Reynolds numbers that are at least an order
of magnitude too low. To understand why and how the k-® model
predicts transition, consider the flat-plate boundary layer. For an
incompressible, two-dimensional boundary layer, the equations for
k and o are as follows:

du, du _ 9 du
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vr=o*k/® (19)

where u and v are velocity components in the streamwise x and
normal y directions, respectively, v is kinematic molecular viscos-
ity, and vy is kinematic eddy viscosity. We can most clearly illus-
trate how the model equations predict transition by rearranging
terms in Egs. (17) and (18) as follows:
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The net production per unit dissipation for the two equations, P;
and P, are defined by

P, = g;*(au___/_ayjz_l (22)
B ()
_ oo au/ay)Z_
P, = 5 ( = 1 (23)

There are two important observations worthy of mention at this
point. First, if the turbulence energy is zero, Eq. (21) has a well-be-
haved solution. That is, when & = 0, the eddy viscosity vanishes
and the ® equation uncouples from the & equation. Consequently,
the k-® model has a nontrivial laminar-flow solution for ®. Sec-
ond, the signs of P, and P, determine whether k and ® are ampli-
fied or reduced in magnitude. However, it is not obvious by in-
spection of Egs. (22) and (23) how the signs of these terms vary
with Reynolds number as we move from the plate leading edge to
points downstream. We can make the variation obvious by rewrit-
ing Eqgs. (22) and (23) in terms of the Blasius transformation.

Before we introduce the Blasius transformation, we must deter-
mine the appropriate scaling for @. To do this, we note that, close
to the surface of a perfectly smooth flat plate, the specific dissipa-
tion rate behaves according to® (see Wilcox” for a complete discus-
sion of how this behavior can be accommodated numerically)

co—>6—v as y—0 (24)

By’

In terms of the Blasius similarity variable 1, defined by

L g
n—ya (25)

where U, is freestream velocity, the asymptotic behavior of ® ap-
proaching the surface is

g—-—l— as n—0 (26)
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Consequently, we conclude that the appropriate scaling for ® in
the Blasius boundary layer is given by

U,

W= - Wn) @7
where W(n) is a dimensionless function to be determined as part of
the solution. Hence, if we write the velocity in terms of dimension-
less velocity, U(N), i.e.,

u=U,Un) (28)

the net production per unit dissipation terms become

* 2
p=Z Rex(aeu/ a“) . 29
B w
_ oo’ 6%/81])2
P, = BRX( L)y (30)

Thus, both P, and P, increase linearly with Reynolyds number,
Re,. From the exact laminar solution for U(n) and W(n), the maxi-
mum value of the ratio of ?l/dn to W is given by

@31

The precise value of this ratio is actually a weak function of the
freestream value of ®, ranging between 0.0025 and 0.0040. The
maximum occurs about midway through the boundary layer (y/d =
0.56), a point above which the exact near-wall behavior of ® [Eq.
(24)] does not hold. Hence, a complete boundary-layer solution
has been used to determine the maximum ratio of ¢°/on to W.

Hence, as long as the eddy viscosity remains small compared
with the molecular viscosity, we can specify the precise points
where P, and P, change sign. In general, using Eq. (31), we con-
clude that the sign changes occur at the following Reynolds num-
bers:

(Re), = 9- 10“% (32)
(Re), =9- 10° a[z;* (33)

With no viscous modifications, the closure coefficients o*, «,
B*, and B are 1, 5/9, 9/100, and 3/40, respectively. These values
correspond to the limiting form of Eqgs. (9—14) as Rey — . Using
these fully turbulent values, we find (Re, ), = 8.1 X 10? and (Re, ),
= 1.215 X 10* Thus, starting from laminar flow at the leading
edge of a flat plate (see Fig. 1), the following sequence of events
occurs.

1) The computation starts in a laminar region with £ = 0 in the
boundary layer and a small freestream value of k.

e

(R«;x)k (R;z)w Re,

Fig. 1 Skin friction variation for a boundary layer undergoing transi-
tion from laminar to turbulent flow.
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Fig. 2 Incompressible channel flow with Re, = 1.8 X 10, Rey = 5.59
X 10%; ©, Mansour et al.; O, Halleen-Johnston formula; ——, com-
puted.

2) Initially, because P, < 0 and P, < 0, dissipation of both k
and ® exceeds production. Turbulence energy is entrained from
the freestream and spreads through the boundary layer by molecu-
lar diffusion. Neither £ nor ® is amplified and the boundary layer
remains laminar.

3) At the critical Reynolds number, Re; . = 8.1 X 10?, produc-
tion overtakes dissipation in the k equation. Downstream of x,,
production exceeds dissipation in the k equation, and turbulence
energy is amplified. At some point in this process, the eddy viscos-
ity grows rapidly, and this corresponds to the transition point.

4) The k continues to be amplified, and beyond Rex = 1.215 X
10%, production catches dissipation in the @ equation. Now ® is
amplified and continues growing until a balance between produc-
tion and dissipation is achieved in the k equation. When this bal-
ance is achiéved, transition from laminar to turbulent flow is com-
plete. )

Consistent with experimental measurements, the entire process
is very sensitive to the freestream value of . There is also a sensi-
tivity to the freestream value of , although the sensitivity is more
difficult to quantify. ‘

Three key points-are immediately obvious. First, k begins grow-
ing at a Reynolds number of 8.1 X 103, By contrast, linear-stabil-
ity theory tells us that Tollmien-Schlichting waves begin forming
in the Blasius boundary layer at a Reynolds number of 9 X 10%
This is known as the minimum critical Reynolds number. Corre-
spondingly, we find that the model predicts transition at much too
low a Reynolds number. Second, inspection of Egs. (32) and (33)
shows that the width of the transition region is controlled by the
ratio of B to oix*. Third, transition will never occur if P, reaches
zero earlier than P;. Thus, occurrence of transition requires

oot < o B/p* as Rep —0 (34)
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Fig.3 Incompressible channel flow with Re; = 3.95 X 10% Rey, = 1.375
X 10%; 0, Mansour et al.; 0, Halleen-Johnston formula; ——, com-
puted.

This fact must be preserved in any viscous modification to the
model. The viscous modifications in Egs. (9-14), i.e., the depen-
dence of a, o*, and B* on Rey, are designed to accomplish two ob-
jectives. The most important objective is to match the minimum
critical Reynolds number. Reference to Eq. (32) shows that we
must require

Blor — 1 as Rer -0 (35)

A secondary objective is to achieve asymptotic consistency with
the exact behavior of £ and dissipation, € = B*k®, approaching a
solid boundary. That is, we would like to have

k/y? — const, elk — 2v/y? as y—0 (36)

Close to a solid boundary, Wilcox® shows that the dissipation and
molecular diffusion terms balance in both the k£ and ® equations.
The very-near-wall solution for ® is given by Eq. (24). The solu-
tion for £ is of the form

kfy™ — const as y—>0 37

where n is given by

n= s 1441+248°/B] (38)

Noting that dissipation is related to £ and w by

e=Phkw (39)

we can achieve the desired asymptotic behavior of Eq. (36) by re-
quiring

B*/B — 1/3 as Rer—0 (40)
Requiring this limiting behavior as Rey — 0 is sufficient to
achieve the desired asymptotic behavior as y — 0 since the eddy
viscosity, and hence, Rer vanish at a solid boundary.

If we choose to have [} constant for all values of Re, Egs. (34),
(35), and (40) are sufficient to determine the limiting values of o*
and B* and an upper bound for at* as turbulence Reynolds number
becomes vanishingly small. Specifically, we find

oo <P

o —B/3 as Re, —0 (41)

B"—>p/3

Wilcox3~ and Chambers and Wilcox® make the equivalent of owr*
and oc* in their k-»? models approach the same limiting value and
obtain excellent agreement with measured transition width for in-
compressible boundary layers. Numerical experimentation with
the k- model indicates the optimum choice for incompressible
boundary layers is oet* — 0.74p, or

oo — 1/18 as Rer —0 42)
Equations (9-14) postulate functional dependencies on Re that

guarantee the limiting values in Eqs. (41) and (42), as well as the
original fully turbulent values for Rey — oo.
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Fig. 4 Incompressible pipe flow with Re; = 1.058 X 10%, Reg = 4.0
% 10% o, Laufer; O, Prandt] formula; , computed.
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The three coetficients R, Ry, and R, control the rate at which
the closure coefficients approach their fully turbulent values. As in
previous analyses based on the k-0 model,>!! we can determine
their values by using perturbation methods to analyze the viscous
sublayer. Using the well-established procedure, we can solve for
the constant in the law of the wall B by solving the sublayer equa-
tions and evaluating the following limit:

B = lim (w_%@mf) 43)

Yoo

where u* = ufu, and y* = u,y/v are standard sublayer scaled coor-
dinates. Also, k¥ = 0.41 is von Kdrmén’s constant. For a given
value of Rg and Ry, there is a unique value of R, that yields a con-
stant in the law of the wall of 5.0. For small values of Ry the peak
value of & near the surface is close to the value achieved without
viscous corrections, viz., uf/ A/[—3_* As RB increases, the maximum
value of & near the surface increases. Comparison of computed
sublayer structure with direct numerical simulation (DNS) results
of Mansour et al.!? indicates the optimum choice for these three
coefficients is as indicated in Eq. (14). Section III presents a com-
plete comparison of computed channel flow properties with the
DNS results of Mansour et al.!2

The only flaw in the model’s near-wall asymptotic consistency
occurs in the Reynolds shear stress T,,. Although the exact asymp-
totic behavior is T, ~ v3, the model as formulated predicts Ty~ y*.

Reg, 104

2 P il 1
10 .03 1 3 1 3

T

Fig. 5 Transition location for an incompressible flat-plate boundary

layer; - - -, (/8 =0.001; —, (/3 = 0.010; — . —, ¢/8 = 0.100; O, Dryden.
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Fig. 6 Transition width for an incompressible flat-plate boundary
layer; 0, Dhawan-Narasimha; A, Schubauer-Skramstad; 0, Fisher-
Dougherty; ——, computed.
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Fig.7 Transitional incompressible flat-plate boundary layer.

This discrepancy could easily be removed with another viscous
modification. However, results obtained to date indicate this is of
no significant consequence. It has no obvious bearing on either the
model’s ability to predict transition or properties of interest in tur-
bulent boundary layers. The additional complexity and uncertainty
involved in achieving this subtle feature of the very near wall be-
havior of T,, does not appear to be justified.

HI. Channel and Pipe Flow

To achieve a complete description of the transition from laminar
to turbulent flow, we must be able to accurately describe the flow
in the turbulent regime. This is, after all, the primary advantage of
using turbulence model equations to describe transition. In this
section, we examine channel and pipe flow to demonstrate how
well the low-Reynolds-number form of the k-0 model predicts
properties of turbulent flows. All computations in this section have
been done using a highly accurate one-dimensional time-marching
program (PIPE) documented by Wilcox.?

Figures 2 and 3 compare computed channel-flow skin friction ¢
with the Halleen and Johnston'® correlation for Reynolds number
based on channel height H and average velocity ranging from 10°
to 10°. The correlation is

¢; =0.0706 Rey”* 44)

As shown, computed o differs from the correlation by less than
3% except at the lowest Reynolds number shown where the corre-
lation probably is inaccurate. Figure 4 compares computed pipe
flow c; with Prandtl’s universal law of friction, viz.,

L = 410g,92Rep.fc;) — 1.6 5)

Cr

Reynolds number based on pipe diameter D and average velocity
varies from 10° to 106. As with channel flow, computed ¢, falls
within 5% of the correlation except at the lowest Reynolds number
indicated where the correlation is likely to be in error.

For more detailed comparisons, we consider two low-Reynolds-
number channel-flow cases corresponding to the DNS results of
Mansour et al.!? and one high-Reynolds-number pipe flow case
corresponding to measurements of Laufer.!4

For purposes of identification, the three cases are referred to in
terms of the parameter

Re,=uRv (46)

where u, is friction velocity and R is either channel half-height or
pipe radius. Figures 2 and 3 compare various computed profiles
with the DNS results of Mansour et al.'? for Re; = 1.8 X 107 and
3.95 X 102, respectively.
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Fig. 8 Transitional incompressible boundary-layer flow with favor-
able pressure gradient and surface cooling,

Six different comparisons are shown in each figure, including
mean velocity, skin friction, Reynolds shear stress, turbulence ki-
netic energy, turbulence energy production, and dissipation rate.
For both cases, velocity, Reynolds shear stress, and turbulence ki-
netic energy profiles differ by less than 7%. Most notably, for both
Reynolds numbers, the model predicts the peak value of k near the
channel wall to within 4% of the DNS value. Additionally, ap-
proaching the surface, the turbulence-energy production t,,0U/dy
and dissipation e are within 10% of the DNS results except very
close to the surface.

* Figure 4 compares k- model pipe flow results with Laufer’s!*
measurements at a Reynolds number based on pipe diameter and
average velocity of 4 X 10%. As shown, computed and measured
velocity and Reynolds shear stress profiles differ by less than 8%.
As with channel flow, computed and measured turbulence kinetic
energy differ by about 5%, including close to the surface where the
sharp peak occurs. Note that, at this high a Reynolds number, the &
profile has a sharp spike near y = 0 and this feature is captured in
the computations. Except very close to the surface, computed tur-
bulence energy production and dissipation differ from measured
values by less than 10%. This may actually be a desirable result.
That is, some controversy exists about the accuracy of Laufer’s
dissipation measurements close to the surface.

IV. Transitional Flat-Plate Boundary Layer
Figure 5 compares computed and measured transition Reynolds
number, Reg,, for an incompressible flat-plate boundary layer.
Computations have been performed using program EDDYBL, the
two-dimensional compressible boundary-layer program docu-
mented by Wilcox.” We define the transition Reynolds number as

the point where the skin friction achieves its minimum value. Re-
sults are displayed as a function of freestream turbulence intensity

T’ defined by
T’'=100 |% — 47
3 1762 ( )

where subscript e denotes the value at the boundary-layer edge. As
shown, consistent with the data compiled by Dryden,'> Reg, in-
creases as the freestream intensity decreases. Because ® can be
thought of as an averaged frequency of the freestream turbulence,
it is reasonable to expect the predictions to be sensitive to the
freestream value of ®. To assess the effect, thle freestream value of
the turbulence length scale defined by ¢ = k”2/m has been varied
from 0.0018 to 0.1008 where § is boundary layer thickness. As
shown, computed Reg, values bracket virtually all of the data. Note
that the k- model’s sensitivity to the freestream value of @ is a
desirable feature for transition applications. Physical transition lo-
cation is not simply a function of T but rather is frequency depen-
dent. Although it is unclear how the freestream value of ® should
be specified, consistent with measurements, the model is not con-
fined to a single transition location for a given T’ regardless of the
frequency of the disturbance.

Figure 6 compares computed transition width with measure-
ments.%18 We define transition width Ax, as the distance between
minimum and maximum skin-friction points. The computed width
falls within experimental data scatter for Rey, < 10° and lies a bit
below the data for larger values. The Ax, is unaffected by the
freestream value of ®.

V. Numerical Roughness Strip

In formulating the low-Reynolds-number k- model, we have
only guaranteed that the point where £ is first amplified matches
the minimum critical Reynolds number for the incompressible,
flat-plate boundary layer. To simulate transition with complicating
effects such as pressure gradient, surface heat transfer, surface
roughness, compressibility, etc., the values of o, and o, must
change.® Their values can be deduced from linear-stability theory
results or perhaps from a correlation based on stability theory.
Nevertheless, some information must be provided about the mini-
mum critical Reynolds number for each new application. As noted
in the Introduction, Wilcox? has shown that, after a disturbance has
grown to a factor of ¢* times its initial value, the turbulence model
closure coefficients lose all memory of spectral effects. Thus, we
can conclude that, not far downstream of the minimum critical
Reynolds number, Reynolds averaging is sensible. Consequently,
the most practical way to use the model for transitional flows is in
describing the transitional region.

For any flow, we can always match the measured transition
point by adjusting the freestream value of k. This is satisfactory
when the transition point occurs at a large Reynolds number,
which requires k., to be small relative to {72 . However, for high-
speed flows in which transition often occurs at a relatively small
Reynolds number, we have found that unreasonably large values
of k., are needed to trigger transition, so large as to affect the total
energy in the freestream in a physically unrealistic manner. Thus, a
new method for triggering transition is needed.

To devise an alternative method, we can take advantage of a
unique feature of the k- model. Specifically, by using a finite
value for ® at the surface, we can simulate surface roughness with
the model. For fully turbulent boundary layers, Wilcox® shows that

Table 1 Results for Schubauer-Skramstad test cases

Case Rex, (Reax [)computed (ReAXr)compu[ed
1 2.85 X 100 0.88 X 100 1.00 X 10°
2 2.75 X 108 0.86 X 10° 1.20 X 108
3 220 X 10° 0.78 X 10° 1.50 X 106
4 1.80 X 10° 0.69 X 106 1.40 X 100
5 1.40 X 108 0.58 X 106 1.25 X 10°
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2
u‘t
®=S at  y=0 (48)

where Sp is a dimensionless function of the surface roughness
height kg, defined by (with kz = u_kp/V)

(50/kp)?  kp<25

Sg = (49)
R + +
100/ky  kp=25

If a smooth surface is desired, the value of kj is selected to insure
that kz < 5, which corresponds to a so-called “hydraulically
smooth” surface.

Since increasing the surface roughness height corresponds to
decreasing the surface value of ® (and thus the dissipation in the &
equation), the model predicts that roughness will have a destabiliz-
ing effect. This is consistent with measurements, and patches of
surface roughness are often used to trigger transition in experi-
ments. Thus, a possible way to trigger transition with the model
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o
,,, —— . —
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o —— COMPUTED
-

“0050000000000000
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109s,
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° - -—

© BLAIR
o -— COMPUTED

%.0 0.5 1.0 1.5 2.0 2.5
x (m3J
Case 7
103s,
[=]
b . .
[+ BLAIR
8 — comPUTED
A J

0.0

0.0 a.5 1.0 1.5 2.0 2.5

Case 8

Fig. 9 Transition width for flat-plate boundary layers with surface
heat transfer.

Table 2 Results for Fisher-Dougherty test cases

Case Mach no. Rey, Repax, (ReAxJexp
1 1.16 702X 10°  0.89 X 105  0.69 X 10°
2 1.30 561 X 10° 084 X 10°  0.97 X 108
3 1.55 7.89 X 10°  1.08 X 10° 124 X 10°
4 1.86 7.29 X 10°  1.07 X 10°  1.56 X 10°

equations is to numerically simulate a roughness strip via Egs. (48)
and (49).

We have run 18 two-dimensional and axisymmetric transitional
boundary-layer cases to test this idea. We have been able to trigger
transition at the desired location for all of the cases considered
using a roughness strip with &, and the streamwise extent of the
strip As given by the following correlations:

kg 5000
— = max ,3 50
5 {JR_ } 0
%S = 0.015./Re;, (51
t

The quantities 8, and Re;, are the boundary-layer thickness and
transition Reynolds number based on arc length.

In all cases, again using program EDDYBL, computation begins
at the plate leading edge, and the turbulence kinetic energy is ini-
tially set to an extremely small value, viz., 161502 , throughout
the boundary layer. This value is too small to trigger transition nat-
urally. The initial @ profile is given by the exact laminar-flow so-
lution to the model equations. The surface is assumed to be per-
fectly smooth (kg « 1) everywhere outside of the numerical
roughness strip.

Incompressible Flat Plate

The first case is flow 1 from Singer et al.'® This is an incom-
pressible flat-plate boundary layer that undergoes transition at a
plate length between 1.6 and 1.8 m. According to Eqgs. (50) and
(51), this flow requires a roughness strip with k/3, = 3.0 and As/3,
= 25. Numerical experimentation shows that a shorter transition
strip, i.e., As/8, =7, is sufficient to trigger transition at the desired
location for this case. Figure 7 compares computed and mea-
sured?® skin friction throughout the transition region. Computed
and measured ¢, differ by less than 16% of the peak skin friction.

Favorable Pressure Gradient Boundary Layers

The next applications are for incompressible boundary layers in
a favorable pressure gradient. The boundary layers considered
correspond to flow 2/cases 1 and 2 of Singer et al. In addition to
having adverse pressure gradient, the surface is cooled. Figure 8
compares computed and measured’! Stanton numbers for the
two cases. Case 2 has a stronger favorable pressure gradient than
case 1. The dimensions of the roughness strip required to match
the measured transition point are (kg/3,, As/d,) = (10, 10) and
(4, 9), respectively, for cases 1 and 2. Equations (50) and (51) indi-
cate (kp/d,, As/d,) = (8.5, 8.7) and (6.0, 12.5), respectively.

Freestream Turbulence Effects

We turn now to effects of freestream turbulence, i.e., flow 4 of
the study by Singer et al. All of the cases considered are for incom-
pressible boundary layers; three cases include surface heat trans-
fer. Table 1 shows that the computed transition width for cases 1-5
is consistently smaller than measured!’; the data are included in
Fig. 6. For cases 68, Fig. 9 shows that the predicted peak Stanton
number is about 10-15% lower than measured.??

Supersonic Cone Flow
For this application we consider flow 3 of the study by Singer et
al. Cases 14 focus on flow past a 5-deg half-angle cone with
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Fig. 10 Transitional flow on a 5-deg half-angle, adiabatic cone at
Mach 3.36.

Mach numbers ranging from 1.16 to 1.86, corresponding to mea-
surements of Fisher and Dougherty.'® Measurements are available
only for the beginning and end of transition. Table 2 summarizes
the transition Reynolds number Re,, and the Reynolds number
based on transition width Reax; the data are included in Fig. 6.
Cases 5-7 are for Mach 3.36 flow past a 5 deg half-angle cone,
with an adiabatic surface. The three cases considered have differ-
ent unit Reynolds numbers. Figure 10 compares computed and
measured? recovery factor r for the three cases. Note that unit
Reynolds number is smallest for case 5 and largest for case 7. In-

terestingly, consistent with measurements, the asymptotic value of
the recovery factor is about 0.875 for all three cases compared with
the generally accepted value of 0.89. As a simple numerical exper-
iment, we have run these computations without transverse curva-
ture, i.e., as two-dimensional flows. The predicted asymptotic
value of the recovery factor is 0.89.

VI. Summary and Conclusions

We have made important progress in developing a transition
model. Sections [II-V show that the low-Reynolds-number k-
model provides a reasonably accurate description for fully devel-
oped turbulent channel and pipe flow and for several transitional
boundary layers.

In the context of turbulent boundary layers, Sec. III shows that
the low-Reynolds-number version of the model retains all of the
best features of the baseline, high-Reynolds-number version of the
model. Most notably, the model is just as accurate as the baseline
model for channel and pipe flow and even describes subtle near-
wall features. This guarantees that the model approaches the cor-
rect post-transition, asymptotic state.

In the context of transitional boundary layers, Sec. IV shows
that, although the low-Reynolds number - model offers realistic
predictions, more development is needed to achieve close quantita-
tive agreement with measurements. Most importantly, transition
width is close to measured width for low transition Reynolds num-
bers. At higher transition Reynolds numbers, model-predicted
transition is more abrupt than measured.

Results of Sec. V show that the new transition-triggering
method is very effective. Equation (50) is an upper bound for the
roughness height required to trigger transition for all of the cases
considered. In many cases, a smaller roughness height is sufficient,
and the user should try different roughness heights, if possible, to
determine the optimum height for a given application. Equation
(51) is less certain. The formula also expresses an upper bound that
covers all of the cases considered. The actual values used permit
the roughness strip to persist for at least three streamwise finite
difference cells.

On balance, although there is room for improvement, the appli-
cations presented in Secs. III-V indicate we have formed a solid
foundation for future low-Reynolds-number and transition re-
search.
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